We study delocalization transition in a one-dimensional Dirac fermion system with random varying mass by using supersymmetric (SUSY) methods. In a previous paper, we calculated density of states and found that (quasi-)extended states near the band center are enhanced by nonlocal correlation of the random Dirac mass. Numerical studies support this conclusion. In this paper, we shall calculate localization length as a function of correlation length of the disorder. The result shows that the localization length is an increasing function of the correlation of the random mass.
Introduction
Random disorderd system is one of the most interesting problem in condensed matter physics. Especially, localization phenomenon plays an important role in various problems, e.g., qunatum Hall effect, transport properties of mesoscopic systems, quantum chaos, etc. In a previous paper (which will be refered to as paper I hereafter) [1] , we studied random-mass Dirac fermion in one-spatial dimension, which is a low-energy effective field theory of random hopping tight-binding model, quantum spin chain, etc. This system has been studied extensively but in most of analytical studies only the δ-function type white noise limit is considered for technical reason [2, 3, 4] . In most of realistic systems however, disorders have nonlocal correlations, and moreover sometimes correlation length of disorders is larger than typical length scale of the system. An important example is the quantum Hall state where magnetic length is smaller than averaged length scale of random potential. Another example is quantum spin chain with the ground state of dimer structure whose low-energy excitations are described by a Dirac fermion with random varying mass, i.e., the system under investigation. There impurities generate low-energy excitations.
In paper I, we studied effects of nonlocal correlation of random mass, which is quite natural for application to realistic systems, and obtained density of states (DOS) as a function of correlation length of the disorder. The result indicates that (quasi-)extended states near the band center are enhanced by nonlocal correlation of the random-mass variables. Recently we have performed numerical studies of the model and verified that analytical results obtained by supersymmetric (SUSY) methods are in good agreement with numerical calculations [5] .
In this paper, we shall study the same model and calculate localization length by using the SUSY methods. In Sect.2, we shall briefly review the model and the SUSY methods. In Sect.3, localization length is calculated by solving eigenvalue problem with respect to transfer 'Hamiltonian' for the spatial direction. Section 4 is devoted for discussion. Physical meanings of the result of the localization length and the DOS obtained in paper I will be discussed. Numerical studies also give us useful informations on the system. As an application of the results, we shall discuss low-energy properties of qunatum spin chains.
Model and SUSY
In this section, we shall review the model and SUSY methods mainly in order to fix our notations and make this paper self-contained. Reader who is familiar with the subjects can skip this section and go directly to Sect.3.
Model and Green's functions
We shall study random system whose Hamiltonian is given by
The random mass m(x) is decomposed into a uniform and random piece as
where [φ] ens = 0 and Single fermion Green's function at energy ω is defined as 4) where |x, α is the normalized position eigenstate of fermion at x and chirality α. By functional integral,
Ensemble averaged Green's function is obtained from (2.4) as 6) where the ensemble average is taken with respect to φ(x) in (2.1) and (2.2) according to (2.3) . Introducing the bosonic superpartner ξ,
where
The ensemble average can be converted into the functional integral form,
10)
From Eqs.(2.8), (2.9) and (2.10), the expectation value of operator A is given by
The above total action is obviously invariant under SUSY transformation ψ ↔ ξ and has such a form that the SUSY partners ψ and ξ couple to the 'dynamical' real scalar field φ which is 'singlet' under SUSY transformation.
Transfer Hamiltonian is obtained by regarding the spatial coordinate x as time, and then the system reduces to a quantum mechanical system with the two bosonic and one fermionic variables. By solving the Schrödinger equations in the quantum system, the Green's functions are calculated.
Transfer Hamiltonian
The transfer Hamiltonian is obtained by regarding the spatial coordinate x as time in the functional integral representation (2.12). Then the system reduces to a quantum mechanical system. In Ref. [3] , the following canonical creation and annihilation operators are introduced corresponding to the functional integral variables,
Fermionic and bosonic spin operators are defined by,
14)
The commutation relations followed by F σ and B σ is
It is proved that S and J satisfy SU(2) and SU(1, 1) algebras, respectively, and they commute with SUSY charges Q andQ,
which satisfy Transfer Hamiltonian of φ is also obtained from Eq.(2.11). The system of φ is nothing but a simple harmonic oscillator linearly coupled with the SUSY spin J = S + J.
In terms of the spin operators and the canonical boson operators of the harmonic oscillator a, a † which correspond to φ, Hamiltonian of the system is given as,
Fermionic states of F σ are specified by representations of SU (2) . Similarly bosonic states of B σ form multiplet of irreducible representations of SU(1, 1), which are specified by total spin where the fermionic sector is given as
with |vac , the vacuum of the fermion F σ . The states with N F = 1 can be constructed by acting Q andQ on the above states. For N = 0, we have
For N = 0, however, these two sets of states coincide and are equal to
where n ≥ 0 and | − 1/2, −1 = 0. Note that these are annihilated by both Q and Q. In order to complete the set of the quantum space, we introduce a set of states orthogonal to the states Eq.(2.31),
which are not eigenstates of Γ andΓ.
In later discussions, we shall consider 'right' eigenstates of H,
which can be expanded in a basis of appropriate eigenstates of J z and N φ ,
Since Q andQ do not commute with N B , N F , Γ,Γ but do with H, they relate degenerate eigenstates of H. For N = 0, there are two sets of SUSY doublet,
where f 0 and f ′ 0 are constants to be determined by normalization. For N = 0, the space spanned by | − 1, 1, * , * , n is not closed under the operation of H. The best one can do in this sector is to find an eigenstate of H projected back onto the same sector, namely,
with |ψ = n ψ n | − 1, 1, 0, 0, n . Including the above state, one finds a superquadruplet,
for N = 0. Since the SUSY invariant 'vacuum' should be annihilated by Q andQ, the 'vacuum' has the eigenvalues N B = −N F = 1 and Γ =Γ = 0, and therefore, it belongs to the subspace spanned by | − 1, 1, 0, 0, n ⊗ |m H .
We dedicate the rest of this section to review the 'left' eigenstate of H, SUSY invariant identity operators and supertraces [3] . Please notice that the operator H is not hermitian, since J x is anti-hermitian. 'Left' eigenstate of H, therefore, is not identical with 'right' eigenstate. Since the operator
Given a right eigenstate of H, |E R , the state,
We normalize the states as
This gives the constant
For N = 0, the SUSY invariant identity operators are 
We therefore require
with the usual normalization condition, The corresponding identity operator for N = 0 is therefore
(2.64)
In the following, we study the system in the long size limit, where the system size = L → ∞. In this case, the supertrace of an operator Oe −LH is expected to reduce to an expectation value in the SUSY invariant vacuum,
where E b is the lowest eigenvalue of H. As explained above, the vacuum |0 R has
3 Localization length
Eigenvalue problem
The ensemble-averaged localization length is the parameter which measures how fast the avaraged one-particle fermion Green's function decays. The averaged fermion
Green's function is given as follows,
Since the state F † α |0 R has the quantum number N B = −1, N F = 2, Γ = N = 1 and Γ = 0,
where ξ ω is 'imaginary-time' localization length and the state |−1, 2, 1, 0, E R satisfies the following equation,
It is obvious that the localization length is related with the eigenvalue E. We shall obtain the ginuine localization length ξ ǫ from ξ ω by the analytic continuation iω → ǫ.
In the following, we rescale the paremeters as ω → gω, m 0 → gm 0 and λ → λ g . |−1, 2, 1, 0, E R is given by a linear conbination of the states |n 1 ≡ |−1, 2, 1, 0, n R , and can be written as
with coefficients χ n,m . Reminding that the wave function {φ n,m } for |0 R ,
n,m + λφ [2] n,m ), where φ
n,m (i = 1, 2) are independent of λ, and the 'energy eigenvalue' of |0 R is 1 2λ
, we assume that χ n,m and E are expanded as
n,m + λχ
n,m · · ·), (3.5)
where χ
n,m and E [i] are independent of λ. Equation (3.3) gives the Shrödinger equation of χ n ;
n,m |n 1
Comparing terms of each order of λ leads us to the following series of equations, n,m . Equation(3.9) for m = 0 is identical with the equation of χ n which is considered by Balents and Fisher [3] . In a similar way, Eq.(3.9) and Eq.(3.10) for m = 0 determine χ [1] n,m and E [1] .
Solution in O(λ 0 )
The solution χ
[0]
n,m and E [0] are given by Balents and Fisher [3] . We review the derivation of them again for completeness. Equation to be solved is
with M = 2m 0 . Using the representation of J z and J x for |n 1 ,
(3.14)
we have the descrete equation of χ
Since multiplying a solution for M by (−1) n yields a solution for −M, we expect
where χ(n, M, E) is obtained by solving the continuum equation derived from Eq.(3.15),
Changing variables n to z = ln n, Eq.(3.17) gives
Though it is possible to solve Eq.(3.18) exactly, we use the hard-wall approximation for simplicity, i.e., the 'potential' term ωe z is neglected and the boundary condition Φ E (| ln ω|, M) = 0 is imposed instead. Then the solution is obtained as
with β = √ E − M 2 and z ω = | ln ω|. In order to obtain a solution for χ n,0 , namely, to fix the constants c 3 and c 4 in Eq.(3.16), additional conditions have to be imposed.
Since neither χ
[0] (n, M, E) = 1 nor (−1) n are, unfortunately, solutions in the limit ω = M = 0, we are not able to use similar boundary conditions used in paper I in which we obtained the DOS.
Our strategy is to compare the solution (3.19) with the one obtained by solving the discrete equation (3.15) by neglecting the term ωJ z . Since the other terms in the Hamiltonian except ωJ z depend on only J x , we consider eigenstate |α of J x ;
This state is the eigenstate of H with ω = 0, because
Expanding |α in terms of |n 1 ,
we find χ
. This approximation is valid for n ≪ 1/ω. Eq.(3.21) leads us to the following equation of ψ n (α), (n + 1)ψ n+1 (α) − nψ n−1 (α) = −2αψ n (α). (3.22) Equation (3.22) can be solved easily by introducing the functionψ(w, α) ≡ n ψ n (α)w n .
By using the identity for σ(w) = n σ n w n , +α (1 + w)
with c being a constant. Thus we have
The contour C is the circle whose center is located at the origin and radius is small enough. Dominant terms in Eq.(3.24) are l = 0 and/or l = n for large n. Using the fomula of the Gamma function,
we find that, for large n, Eq.(3.24) can be approximated as, n,0 = c 3 e
with an integer k > 1. The constant c 3 is determined to be z n,0 .
Solution in O(λ)
Now let us turn to E [1] , which gives the first-order correction of the localization length.
From Eq.(3.9) and Eq.(3.10) for m = 0, we have,
Since E [1] does not depend on m, it is sufficient to solve Eq.(3.31) for m = 0 in order to obtain E [1] . We employ a similar strategy used above, namely, we shall obtain solutions by both the hard-wall approximation to the continuum equation and the approximation which neglects the term ωJ z in H 0 in the original descrete equation.
The solutions depend on the constant E [1] . We obtain E [1] by matching the solutions obtained by these methods in the region where the above two approximations are both legitimate. Using the representaion of J x and J z , Eqs.(3.12) and (3.31) give
in the continuum approximation with n = e z and
In the hard-wall approximation, we neglect the term ωe z on the left hand side of Eq.(3.32), and we impose the boundary condition Ψ E (z ω , M) = 0 instead. Making use of Eq.(3.19) and assuming
It is not so difficult to solve this equation, On the other hand, the descrete equation (3.31) with ωJ z = 0 is
n,0 |n 1 . n,0 's. Equation(3.36) can be solved exactly. The solution is given bȳ
This can be verified by directly substituting (3.37) into Eq.(3.36). Performing the integral in (3.37) and using the identity,
we havē (3.39) where some factor in Eq.(3.39) can be simplified bŷ
By using the identity,
we can calculate the above integral exactly and we havē (3.42) up to the general solution χ(w). We hence obtain the exact form of χ [1] n,0 as
In order to compare the above result with the solution obtained by the hard-wall approximation, we approximate χ [1] n,0 as follows,
where we have picked out the leading terms in ψ l (α ± ), i.e.,
From the fact that has its maximum at l = n − 1 and
is a slowly varying function for large l, we find
for large n, where γ is Euler's gamma constant. We therefore have the first order correction of χ n,0 as
In the limit 0 ≪ z ≪ z ω or ωe z ≪ 1, the solution in the hard-wall approximation is reduced to the form
which should be compared with the solution obtained from the difference equation
We hence obtain the 'energy eigenvalue' in O(λ),
(3.49)
In the limit M → 0 and ω → 0, we can neglect the higher-order terms in β and we have
| 3 + (higher-order terms), (3.54) and this shows that the product of the localization length and the number of states is constant up to the first order of (gλ),
Physical meaning of this result will be discussed in Sect.4 from microscopic point of view (see also Ref. [5] ).
Discussion
In this paper, we have studied how the nonlocally correlated disorder affects the the mean localization length ξ ǫ in the random-mass Dirac fermions by making use of SUSY methods. (In fact this is a low-energy effective model of the random hopping tight binding model [3] .) We found that ξ ǫ is an increasing function of the correlation length λ. This result is consistent with the behavior of the DOS ρ(ǫ) obtained in the previous paper [1] and the numerical studies in Ref. [5] . There exists a simple intuitive picture of the result: For the case of larger correlation length λ, average distance between kinks is longer and also average height of kinks is lower. Therefore, finite correlation of disorders hinders the scattering of fermions by disorders and enhances the delocalization of fermions. Though this result is obtained in the specific one-dimensional model, we expect that similar behaviours hold in general randomdisordered systems.
Let us consider relationship between the localization length ξ ǫ and the number of states N(ǫ). Our SUSY calculation suggests that the following relation
holds (up to O(gλ)). This can be understood as below. As is shown by the numerical calculations of wave functions of random-mass Dirac fermions [5] , fermions in the random potential localize within an interval between adjacent nodes. According to 'one-dimensional node counting theorem' [4] , the number of nodes N d (ǫ) is equal to LN(ǫ) − 1. Let us suppose that the position of each node
The expectation value x i is then given as
with the normalization constant
Therefore it is found that the expectation value of the distance between adjacent nodes is x i+1 − x i = 1 N . According to this estimation, we roughly understand that the localization length is to be inversely proportional to the number of states N(ǫ).
In usual cases, it is not easy to obtain the localization length accurately by numerical calculations. However very recently, a very useful method for that was proposed,
i.e., the non-Hermitian extension by introduction of an imaginary vector potential [6] .
Then we hope that the localization length in the present model is also calculated numerically by that method, and the analytical expression, which we obtained in this paper, is compared with numerical calculations. This is under study and results will be reported in a future publication.
While the results in this paper are obtained for the (effective) random hopping tight binding (RHTB) model, they give some important implications for closely related model -spin-Peierls model [7] . where S ± (n, 0) are the spin-up and spin-down operators at site n, and S − (n, t) is given by S − (n, t) = e iH SP t S − (n, 0)e −iH SP t with the spin-Peierles Hamiltonian H SP . The operators S + (n, 0) and c n are related with each other by the Jordan-Wigner transformation. In the spin systems, the mean localization length ξ ǫ , which is calculated in this paper, can be considered as the mean correlation length of the spins. We therefore find that the spin-spin correlation is enhanced by the suppression of randomness of disorders, because the suppression enhances the (quasi-)extended states near the band center ǫ = 0.
Let us compare the above result with the experimental observation in Ref. [8] . In
Ref. [8] , a phase diagram of Cu 1−x Zn x GeO 3 was obtained by the measurements of the magnetic susceptibility. The phase diagram shows that the antiferromagnetic (AF)
order is enhanced by decrease of the impurity concentration at higher-doped region (x > 0.03). (Note that the spin-Peierls state collapses at around x = 0.03 [8] .) We expect that the white-noise limit λ = 0 describes the system at around x ∼ 0.5, i.e., extremely high-doped region. As increasing λ, we approach the lower-doped region.
Then as the calculations in this paper show, the extended low-energy excitations are enhanced as λ → large. This fact obviously means the enhancement of the AF order in the lower-doped region. This result is qualitatively in good agreement with the experiments. It is interesting to give more quantitative argument about this problem.
This can be a useful check on our results.
